To clarify the electroweak symmetry breaking mechanism, we need to probe the Higgs selfcouplings, which can be measured in Higgs pair productions. The associated production with a vector boson is special due to a clear tag in the final state. We perform a fully differential nextto-next-to-leading-order calculation of the Higgs pair production in association with a W boson at hadron colliders, and present numerical results at the 14 TeV LHC and a future 100 TeV hadron collider.
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PACS numbers: 12.38.Bx, 14.80.Bn Introduction: It is of high importance to precisely measure the properties of the Higgs boson following its discovery in 2012 [1, 2] . Present analyses show that it is a spin-0 and CP-even particle with a mass of 125 GeV [3] . Its couplings with massive vector bosons have been measured to agree with the standard model (SM) expectations [4, 5] . The couplings with heavy fermions, such as the top quark, the bottom quark and the τ -lepton, have also been determined in accordance with the SM [4, 5] . The still unconfirmed properties are its selfcouplings, which are crucial to clarify the electroweak symmetry breaking mechanism. These couplings may be tested with the upcoming collision data at the LHC [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] or a future 100 TeV hadron collider [17] [18] [19] [20] [21] [22] .
Though it is possible to get some indications on the Higgs self-couplings from the virtual effects [23] , the direct detection plays an indispensable role in probing these couplings. The triple Higgs coupling can be measured by studying the Higgs pair productions at hadron colliders. The dominant production channel is the gluon-gluon fusion which involves a top-quark loop. The other channels, including the vector boson fusion, the vector boson associated production and the top quark pair associated production, have relatively smaller cross sections. One reason is that the phase space integration is smaller with more final-state particles. However, the additional particles in the final state provide more handles on the signal so that the backgrounds can be significantly suppressed. Actually, the different channels have different characteristics, thus are complementary to each other and deserve discussion on the same footing. In this work, we focus on the vector boson associated production channel, as shown in Fig.1(a) Since there is an associated vector boson that can serve as a characteristic tag, one can select the events with the Higgs boson decaying to bottom quarks. In this case, all the involved Higgs couplings are not loop-induced, avoiding the unknown effects of virtual heavy particles. Meanwhile, benefiting from the large branching fraction of the Higgs decay to bottom quarks, the cross section of this channel is comparable to that of the gluon-gluon fusion production and decay to γγbb [24] . Moreover, it depends on the value of the Higgs self-coupling in a different way from the gluon-gluon fusion channel. As a result, it is very sensitive to the Higgs self-coupling that is larger than the SM value [24, 25] . The precise theoretical predictions are crucial for a proper interpretation of the experimental data. The total cross section of the vector boson associated production has been calculated up to next-to-next-to-leading order (NNLO) in analogy to the Drell-Yan production [9] . However, in practice, experimental cuts are imposed on the final state. It is not clear whether the NNLO corrections are the same over the full phase space. Our aim in this work is to provide a fully differential NNLO calculation of the Higgs pair production in association with a W boson at hadron colliders. This precise theoretical prediction can be used as a basic input when analyzing the events in the future.
The method : As the QCD next-to-leading order (NLO) calculations of processes at hadron colliders become automatic, the frontier has been upgraded to fully differential calculations at NNLO accuracy. In order to implement the kinematic cuts, the optical theorem, which has been used to calculate the inclusive cross sections or decay rates beyond NLO, is not applicable. One needs to deal with the virtual and real corrections separately, which are individually divergent 1 . The divergences in virtual corrections can be obtained after integrating the loop momenta. But it is harder to calculate the divergences in real corrections because of the constraints (including onshell condition and kinematic cuts) on the momenta of the final states. Instead, it is essential to know the divergent behavior of the cross section near the infrared region, including not only the coefficients of the singularities, like 1/ in n = 4 − 2 dimensional regularization scheme, but also the finite contributions near the singularities. The former, arising when the energy of emitted gluons becomes vanishing or the directions of some massless partons are collinear, has been known up to 4-loop and 2-loop orders for the general massless [26] and massive [27] [28] [29] parton scattering processes, respectively. The latter depends on the way defined to approach the singularities in phase space. At NLO, there is only one additional parton in real corrections with respect to the LO processes, so it is clear to specify the phase space over which the integration of the scattering amplitude is divergent, as proven in the FKS [30] or the dipole subtraction methods [31] . However, the task becomes very complicated at NNLO due to different combinations of the singular behavior of the two additional partons; for example, see [32] .
A way out of this complicity was invented by making use of the resummation method [33] . The basic idea is that the cross section near the singular regions can be factorized in terms of functions involving different energy scales individually. Some of them describe the low-scale dynamics near the infrared divergent region, which is independent of the high-scale dynamics in the hard collision and can be viewed as universal in this sense. These functions include the structure of the cross section near the singularities and can be calculated once for all. Many of them have been obtained up to NNLO so that a large number of processes have been calculated at NNLO [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] . In this work we extend these studies to the 2 → 3 process of pp → W hh, which is important in probing the Higgs boson self-couplings at the LHC or future highenergy hadron colliders.
Since the final states are all color-singlets, additional partons, at higher orders, can interact only with the initial states. The system of the bosons W hh has very small transverse momentum q T no matter whether the additional partons are soft or collinear to the initial-state partons. This is the region where the transverse momentum resummation is applied. Using the well-known results in the resummation formalism, one can predict the cross section with small transverse momentum, defined by q T < q cut T , up to NNLO in terms of universal functions. Here q cut T is an intermediate cut-off parameter which will not appear in the final results. Its value is chosen depending on the processes. See the following discussion for the process pp → W hh. The cross section with large transverse momentum (q T > q cut T ), needed for NNLO corrections to pp → W hh, is just the NLO corrections to pp → W hhj, which can be calculated using standard NLO subtraction method.
We first deal with the part with small q T , and make use of the transverse momentum resummation based on soft-collinear effective theory (SCET) [51] [52] [53] . Since the process of pp → W hh can be considered as a production of an off-shell W boson and its decay to W hh, the cross section for W hh production in the small q T region, analogy to Drell-Yan production, can be written as [54] 
where q T , M and y are transverse momentum, invariant mass and rapidity of W hh system. And dΦ 3 represents three-body phase space at Born level. f i/N (x, µ) denotes the parton distribution function (PDF). The hard function H(M, µ) contains the contribution from highscale interactions, independent of q T , and is extracted by matching the (axial) vector current in full QCD onto an effective current built out of operators in SCET, whose two-loop results can be obtained from hard functions of the Drell-Yan process [55] . Starting from two-loop, there is an additional contribution from diagrams with the Higgs boson(s) emitted from a virtual top-quark loop inside a gluon propagator, as shown in Fig.1(b) . This kind of contribution also occurs in pp → W h production, and it is found to be less than 2.1% of the LO cross section, as shown in Fig.6 (c) of Ref. [56] . If we assume a similar correction in pp → W hh production, it is much less than the NNLO corrections we have considered in this work, which is about 25%; see Fig.3 below. The exact evaluation requires the calculation of the multi-scale five-point non-planar two-loop diagrams, which is left to future work. Therefore, we do not include this kind of contribution in the present work. All the q T dependent terms are contained in the collinear kernel
with L ⊥ = ln
T , µ) arises from the effect of collinear anomaly and plays a special role in relating the traditional transverse-momentum resummation formalism and that in SCET [54] . The kernel I q←i describes the evolution of a parton i to q. Their two-loop results have been obtained recently in Refs. [57, 58] . With all the NNLO ingredients available it is straight forward to perform the integration of q T from 0 to q cut T in Eq.(1). Next we move to the cross section with large q T . As mentioned before, this part amounts to the NLO corrections to W hhj production that can be tackled with standard NLO techniques. The only different point is that we do not apply any jet algorithm on the final state. It is only in this case that the combination of phase spaces of pp → W hhj at NLO with large q T and pp → W hh at NNLO with small q T can recover the whole phase space of pp → W hh at NNLO. One does not need to worry about the problem of infrared divergences due to the lack of a jet algorithm. The reason is that the basic constraint q T > q cut T prevents the momentum of the jet in pp → W hhj to be arbitrarily soft or collinear to the initial-state partons. In practice, the only problem is that the numerical result may converge slowly if q cut T is chosen to be too small. In this work, we use MadGraph5 aMC@NLO [59] to calculate the NLO corrections automatically. Actually, this is one of the advantages when using q T subtraction, i.e., the present tools and programs of NLO calculations can be utilized without any substantial change.
Combining the two parts together, we obtain the NNLO differential cross section of the process pp → W hh
where q max T is set by the partonic center-of-mass energy and the invariant mass of W hh.
Numerical results: We now present the numerical results for W hh (including W + hh and W − hh) production at the 14 TeV LHC and a future 100 TeV hadron collider. We use CT14 PDF set and associated strong coupling evaluated at each corresponding order throughout our calculation [60] . The relevant non-vanishing CKM 
The default factorization scale µ F and renormalization scale µ R are set equal to M in order to avoid possible large logarithms. As shown in Eq.(3), the two contributions on the right-hand side depend on the cut-off parameter q cut T individually, though their sum on the left-hand side is independent of it. Therefore, it is crucial to first check this feature of the method numerically. In Fig.2 , we show the total cross sections of pp → W hh production at NLO and NNLO in QCD as a function of q cut T . One can see that the total cross sections are almost unchanged as q cut T varies from 2 GeV to 20 GeV, though the individual parts σ(q T < q cut T ) and σ(q T > q cut T ) depend on the cutoff strongly. Notice that the typical scale of this process is about M ∼ 500 GeV. Therefore, the power corrections in this method are about (q cut T /M ) 2 ∼ 0.04% for the choice of q cut T = 10 GeV, which can be safely neglected. In the following discussion we choose q cut T at 10 GeV. As a cross check, we have compared our NLO total and differential cross section obtained by Eq. (3) with that by the standard NLO program MadGraph5 aMC@NLO [59] and found good agreement.
Then we report the total cross sections at different collision energies in Fig.3 . One can see that the cross sections increase quickly with the increasing of collision energy. The LO results suffer from large scale uncertainties when the collision energy is large. In contrast, the NLO and NNLO results have very small scale uncertainties, and thus provide more precise predictions. The Kfactors, defined as the ratio of higher-order results over the lower-order ones, indicate the effects of higher-order corrections. The NLO and NNLO K-factors are nearly the same, both around 1.25 ∼ 1.3 when the collision energy changes from 14 TeV to 100 TeV. By adopting the same PDF sets, we also reproduce the total cross sections given in the literature [9] , which can be considered as a strong check of our calculation. Now we present the kinematic distributions of pp → W hh production at the LHC in Fig.4 . It can be seen that the NLO and NNLO K-factors are very similar in various distributions. They change slightly for the W boson transverse momentum but grow with the increasing of the leading Higgs boson transverse momentum. They have relatively larger values in the central rapidity region of both the W and Higgs bosons with respect to the forward and backward region. In all distributions, the scale uncertainties have been reduced at NNLO, which makes the prediction more reliable.
The results at a 100 TeV hadron collider are shown in Fig.5 . One can see that the NNLO corrections enhance the cross section significantly in the large transverse momentum region. To make it more clear, we apply the following kinematic cuts
to select the highly boosted events. The cross sections under these cuts are shown in Table I . In practice, for a process with a W boson in the final state, applying a jet veto can suppress the background from top quarks substantially. To investigate this kind of effect, we calculate the vetoed cross section by discarding the events containing any jet with p T (jet) > 30 GeV and |η(jet)| < 3.5. Here jets are constructed by the anti-k t algorithm [62] with a radius of R = 0.7. One should apply the jet algorithm in such a way that the dependence of the cross section of pp → W hhj on q cut T is not affected. In the part with q T > q cut T , the momenta of final-state particles are generated when performing phase space integration, and thus there is no ambiguity to apply the jet algorithm. But in the part with q T < q cut T , the momenta of emitted partons have been already integrated in the beam function, in which only the total transverse momentum of the emitted partons is constrained, ignoring any effect from the jet algorithm. In principle, one would need another kind of beam function in order to predict the jet-vetoed cross sections. In practice, if the jet veto is much larger than q cut T , the difference between the two kinds of beam functions at NNLO are those emissions in which both of the two emitted partons must have transverse momenta around or larger than the jet veto and move in nearly the back-to-back directions in the transverse plane with their sum less than q cut T . The contributions of these emissions to the beam function are strongly suppressed. In our calculation of jet-vetoed cross sections, we take q cut T = 6 GeV, much less than the jet veto. We have also tried even smaller value of q cut T = 2 GeV, finding that the numerical results nearly unchanged.
In Table I we report the corresponding cross sections at a 100 TeV hadron collider after a jet veto. We first notice that the effect of jet veto starts from NLO and that the higher-order corrections are very sizable. The NLO cross sections are only 60% of the LO ones. And the NNLO corrections decrease the NLO cross sections further by 19%. Then we observe that the scale uncertainties are still large at NLO. However, after including NNLO corrections, the scale uncertainties become significantly reduced. Last but not the least, we investigate the sensitivity of this vector boson associated double Higgs production channel to the triple Higgs self-coupling. In order to do so, we define a scaling factor κ as
In Fig. 6 , we report the total cross section as a function of κ at a 100 TeV hadron collider. It can be seen that the total cross section is sensitive to the Higgs self-coupling. Both the NLO and NNLO corrections are almost a constant for different values of κ. However, for a given cross section, there are generally two values of κ, except for the minimum. In Fig. 7 , we present the normalized NNLO p T distributions of the W boson and the leading Higgs boson with different self-couplings, κ = 1 and −3.7, corresponding to the same total cross section. At large p T region, the distributions of the W boson and the Higgs boson are larger for κ = −3.7. It means that one needs to investigate not only the total cross sections but also the kinematic distributions in order to determine the selfcouplings.
Conclusions: It is crucial to measure the Higgs selfcouplings after its discovery in order to clarify the origin of electroweak symmetry breaking. This can be achieved by studying the Higgs pair production at colliders. The vector boson associated production plays a special role because the lepton from the vector boson provides a clear tag of the event. We present the QCD NNLO predictions on the total cross section as well as the various kinematic distributions of this process. The NNLO effects reduce the scale uncertainties, and are sizable in the large transverse momentum region. Then, we investigate the higherorder QCD effects in the presence of a jet veto. They turn out to decrease the cross sections significantly. The NLO cross sections suffer from large scale uncertainties but the NNLO results are more stable. We also study the sensitivity of this process to the Higgs self-couplings, and find that the total cross section alone is not able to pin down the Higgs self-couplings. The kinematic distributions are needed in order to achieve this goal. These theoretical results can be utilized in future experimental analysis.
